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Abstract
The use of shell finite elements has become an important ingredient in the analysis and
design of shell structures. This thesis is concerned with the development of new plate
bending and general nonlinear shell elements that are suitable for engineering design
applications. Therefore the requirements of our formulations have been simplicity, effec-
tiveness and, above all, reliability.
In the first part of the work a family of Reissner-Mindlin mixed-interpolated plate
bending elements is studied. The elements are based on the Mixed Interpolation of
Tensorial Components (MITC) approach in which the transverse shear strain compo-
nents are interpolated and tied to the displacement field. This family of elements has
a sound mathematical foundation that assures the convergence of the discretizations
with optimal error bounds. A detailed numerical convergence study of displacement and
stresses is also presented. Special attention is given to the accuracy of the transverse shear
stress predictions and the effect of element geometric distortions on the performance of
the elements.
In the second part of the thesis two mixed-interpolated general nonlinear shell ele-
ments - a 9-node element and a 16-node element - are presented. They are also based
on the MITC approach in which the covariant strain component fields for the in-plane
and shear actions are interpolated and tied to the displacement field. Both elements do
not exhibit either membrane or shear locking.
The reliability and effectiveness of the newly developed shell elements were assessed by
solving a number of well established test problems. Both elements perform very well and
the 16-node mixed interpolated element shows a substantial improvement with respect
to its displacement based counterpart.
Thesis Supervisor: Klaus-Jiirgen Bathe
Title: Professor of Mechanical Engineering
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Chapter 1
Introduction
There is no need to discuss the importance of shell structures. Their efficient load-
carrying capabilities made their use widespread in a variety of engineering applications
[1]. The continuous development of new structural materials leads to ever increasingly
complex shell designs that require careful analysis.
Although analytical techniques are very important, the use of numerical methods to
solve shell mathematical models of complex structures has become an essential ingredient
in the design process. The finite element method has been the fundamental numerical
procedure for the analysis of shells.
Ideally, the structural designer or analyst should be able to concentrate on the me-
chanical behavior of the structure and pay close attention to the underlying design issues.
The finite element procedure should be used merely as a tool to obtain the solution of the
mathematical model chosen to describe the structure. Unfortunately, this is not what
usually happens in shell finite element analysis. Frequently, the analyst is required to be
an expert in shell element technology to use confidently his/her finite element results.
This is mainly due to the proliferation of elements that do not always work i.e., are not
reliable. In our research the development of reliable finite elements has always been a
requirement. Although this may seem a very basic condition, the literature has plenty
of proposed elements that perform effectively in some cases but fail severely in others.
- 16 -
Introduction 17
Nevertheless, their use with "care" is recommended.
An important consideration discussed in Reference [2] is that shell finite elements tend
to be integrated in CAD (Computer Aided Design) systems, exposing design engineers,
that are relatively inexperienced with the details of shell element technology to the use of
such elements. In this setting, the recommendation that a particular element should be
used with care is meaningless, and the reliability of the elements is a strict requirement.
Also, in such an environment, shell elements that are just adequate for a certain class
of problems i.e., for thin shell situations or for specific shell geometries and/or loading
conditions are not as suitable as general shell elements.
The research activity in the area of finite elements for plates and shell structures spans
a period of over two decades and continues to be very intense. A review of the current
state of the art can be found in Reference [1]. Although we do not intent to present here
a comprehensive review of what has been accomplished in shell element technology, we
plan to briefly mention some key aspects of this research area before concentrating on
the approach that we have followed in developing our plate and shell elements.
The first step is to select an appropriate mathematical model. The thin shell theories
that developed from the fundamental work of Love [3], and lead to the Koiter-Sanders
theory [4; 5], have been used as mathematical models to propose shell elements. Also, a
number of simplified thin shell theories that are derived by imposing restrictions either on
the shell geometry or the loading conditions, or both, have been used to formulate shell
elements. Many of such shell elements are discussed in Reference [6] where a catalogue
of elements is presented.
The approach of degenerating the shell from a three-dimensional solid is a very at-
tractive alternative to the use of a thin shell theory. In this approach the shell behavior is
described by imposing judiciously chosen kinematic and mechanical assumptions on the
three-dimensional continuum mechanics conditions. The resulting theory corresponds for
plate bending situations to the Reissner-Mindlin plate theory. This approach has been
first presented, in the context of shell element formulations, by Ahmad et. al. [7] and has
U.
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a number of key features that make it very suitable for shell finite element constructions,
namely:
9 The formulation is applicable to any shell geometry.
e The formulation is adequate for thin and thick situations.
e The formulation leads to C' conforming displacement based elements.
* The formulation uses only engineering nodal point degrees of freedom such as dis-
placements and rotations.
Shell elements based on this approach have been formulated for general nonlinear
analysis (material and geometric nonlinear) by Ramm [8] and Bathe and Bolourchi [9].
A very lucid and thorough presentation of these elements can be found in Reference [10].
Although the pure displacement based formulation of these elements has all the above-
mentioned appealing features, which are very desirable if the elements are to be used in
engineering practice, they do suffer from the serious deficiency of membrane and shear
locking. The locking effects are devastating for lower-order elements, and even for higher-
order elements they severely reduce the potential predictive capability of the elements.
A number of approaches and techniques have been proposed to overcome these dif-
ficulties. The simplest one, however unsuccessful, is the use of uniform and selective
reduced integration. In general the URI (uniform reduced integrated) elements possess
spurious zero energy modes, and although in some cases they may provide accurate so-
lutions, in other cases a global mechanism may form due to the collective action of the
spurious zero energy modes causing rank deficiency (or almost rank deficiency) of the
global stiffness matrix. Even if a global mechanism does not arise, a near-mechanism
might be activated which leads to unacceptable answers. The recommendation of disre-
garding solutions that have been affected by spurious energy modes is not easy to observe
since, when the solution of the problem is not known, the judgement of whether a solu-
tion is "good" or not is very difficult to make. The SRI (selective reduced integrated)
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elements, although to a smaller degree, suffer from the same deficiencies as the URI el-
ements and in some case show very low convergence rates. Both types of elements are
quite sensitive to geometric distortions. The above considerations make clear that the
use of reduced integration is an unreliable technique to deal with locking effects. Nev-
ertheless, the literature is rich in uniform and selective reduced integrated elements for
plates and shells. We refer here just to the early works on reduced integration [11; 12;
13]. We note that in some cases it is possible to show a total equivalence between the
use of reduced integration and a mixed formulation [14; 15]. In such an event reduced
integration may be an efficient way of implementing a mixed method but the analysis of
whether it is a good formulation or not has to be made in the context of mixed methods.
Belytschko and co-workers developed the concept of spurious mode control [16; 17] in
an attempt to use reduced integration and avoid the possibility of having spurious zero
energy modes. Although successful in suppressing the spurious modes, their formulation
is not transparent, requiring the use of some numerically adjusted factors.
The MITC (Mixed Interpolation of Tensorial Components) approach has successfully
overcome the difficulties regarding locking encountered by the degenerated displacement
based elements still preserving their desirable properties.
The MITC concept was first introduced for shell elements by Dvorkin and Bathe
[18]. In this work a general 4-node shell element for nonlinear analysis, referred to as
the MITC4 element, was proposed. The subsequent developments undertaken with the
MITC approach for general shell analysis are discussed in more detail in Chapter 4.
Although 8 and 9-node shell elements were developed with the MITC and similar ap-
proaches [2; 19; 20; 21], it has usually been implied that the 16-node displacement based
element avoids membrane and shear locking and is a good performer. Our experiences
with this element show that in some problems it displays a very low convergence rate and
when curved and distorted it may present a locking behavior. The above evidence would
already justify efforts towards developing a 16-node mixed interpolated element. More-
over, numerical studies [22] have indicated that higher-order Lagrangian elements are
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very efficient to predict stresses in two-dimensional analysis. In addition, in shell analy-
sis, the higher-order elements provide a better approximation of the curved geometry of
the shell.
Another important topic that has received a great deal of attention is the development
of plate bending elements. The literature in this subject is abundant and a comprehensive
review is not pursued here. For a partial account on this subject we refer to [23] and
appropriate sections of Reference [6].
Of course, general shell elements degenerate to linear plate bending elements when the
shell is flat, the analysis is linear and the plate is subjected to transverse loading only.
Reliable and effective general shell elements when applied to plate bending problems
should avoid shear locking and provide accurate predictions. This is a requirement which
is addressed in Chapter 5. However, the Reissner-Mindlin plate bending model [24;
25] is very important and per se justifies a special treatment regarding its finite element
discretizations.
The MITC4 element [18; 26] has been mathematically analyzed in the context of the
Reissner-Mindlin plate model. It has been shown [27] that this element has optimal error
bounds for the displacement variables even for the limit case when the thickness goes to
zero. The initiative, which started with the mathematical analysis of the MITC4 element,
has continued and led to the development of a family of MITC elements for Reissner-
Mindlin plates that has a strong mathematical foundation. We have been involved in
this effort and the developments are presented in Chapter 2.
Summarizing, the major objective of this work was the development of reliable and
effective higher-order mixed-interpolated plate bending and general nonlinear shell ele-
ments. The organization of the thesis is as follows.
In Chapter 2 we summarize the mathematical theory of the MITC plate bending
elements, show the element developments and present a thorough numerical assessment
of the performance of this family of elements.
In Chapter 3, we study the membrane and shear locking behavior of the one-dimensional
U.
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analogues of the degenerated displacement based shell elements i.e., the isobeam ele-
ments. The objective is to use this simplified setting to gain insight into and understand-
ing of the locking behavior (mainly membrane locking) of curved shell elements.
In Chapter 4 we discuss the requirements that our formulations for general shell
elements should comply with, we review the work that has been carried out earlier with
the MITC approach and we propose two higher-order elements for general nonlinear shell
analysis.
Finally, in Chapter 5 a series of benchmark and established test problems are used to
assess the predictive capabilities of the newly proposed mixed-interpolated higher-order
shell elements.
Chapter 2
A Family of Reissner-Mindlin
Mixed-Interpolated Plate Bending
Elements
The mixed interpolation of the tensorial components has been a successful approach to
formulate Reissner-Mindlin plate bending elements that are effective and free of shear
locking. Although in recent years many researchers have taken similar approaches to
propose plate bending elements [28; 29; 30; 1], there are differences in the element for-
mulations and the MITC elements are the only ones that have a good mathematical
foundation.
As mentioned already in Chapter 1 the MITC4 was the first MITC element proposed.
Although it was formulated directly as a general shell element for nonlinear analysis, of
course, it degenerates to a plate bending element when subjected to the appropriate
conditions [26]. In this case in certain geometries it is similar to the elements proposed
by MacNeal [28] and Hughes and Tezduyar [29].
Insight into element behavior and the use of numerical experiments were the main
ingredients employed in the construction of the MITC4 element. Subsequently, this
element was mathematically analyzed [27] for the plate bending problem and shown to
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be free of shear locking and to have optimal error bounds for the displacement variables
for any thickness of the plate. This mathematical analysis was expanded [31; 32] and
a set of properties about the finite element discretizations were identified. When these
properties are satisfied, optimal convergence behavior is assured. Therefore a procedure
for the design of new elements that comply with the requirements of the mathematical
analysis was formulated and, in fact, new elements were proposed [31; 32; 33; 34].
The mathematical theory of the MITC elements is quite general and it is, to our
knowledge, the only mathematical analysis available of the convergence characteristics
of Reissner-Mindlin plate bending elements. However, there are still a few issues not
accounted for in the theory. One of these issues is the fact that the mathematical analysis
is only valid for rectangular decompositions of the domain. General quadrilateral and
triangular isoparametric elements are formulated using the mixed interpolation of the
covariant strain component fields in natural element coordinates. This extension has not
yet been theoretically analyzed, therefore it is important to assess numerically the effect
of element distortions both in the accuracy of the predictions and in the convergence
rates. In Section 2.3 we present results concerning element geometric distortions. The
optimality of the shear strain predictions is another point in which the mathematical
theory is still not complete. The transverse shear strains are usually the most difficult
strain components to predict for Reissner-Mindlin plate elements and deserve a great
deal of our attention. The numerical results, as will be seen shortly, are very encouraging
in this respect. We should also mention that progress has recently been made in the
mathematical analysis regarding the transverse shear strain predictions. In Reference [35]
near-optimal error bounds for the transverse shear strains were derived for the higher-
order MITC elements.
The organization of this chapter is as follows. In the next section we summarize
the mathematical theory of the MITC elements. In section 2.2 we present the MITC
element formulations i.e., the MITC4, MITC9 and MITC16 quadrilateral elements and
the MITC7 and MITC12 triangular elements. Finally, in section 2.3 we show numerical
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results obtained with the above elements including a detailed numerical convergence
study.
2.1 The Plate Bending Problem and its Discretiza-
tions
We consider the sequence of problems Pt in which the thickness t goes to zero and the
load has the form t3 p(x1, x 2) per unit mid-surface area with p(x1, x 2) given and fixed. A
typical problem of this sequence has then the form
min (a(O, ) + - dQ dQ (2.1)
2,w 2 2
which divided by ts becomes
in 1a(,) + | - - VW |2 dQ- pwdQ (2.2)
Here lla(.2) is the bending internal energy and ft J |2 - _jw 12 d2 is the shear
energy [10].
A finite element is effective if the solution to any problem in the sequence (uniformly
in t) yields good approximations. A detailed analysis of the MITC4 element for the
solution of Equation (2.2) was presented in Reference [27].
However, a simplified test on whether an element is effective was proposed in Reference
[31]: since we are interested in the limit behavior for t --+ 0 we might restrict ourselves
to the limit problem t = 0. It is clear that if an element is uniformly good for t -+ 0 it
will also be good for t = 0, but the converse is not necessarily true. Intuitively the test
(t = 0) makes sense and as can be seen in References [27] and [35] the test is indeed very
24
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useful. Hence we can concentrate on the limit problem of Equation (2.2), which can be
written as
min -a(2,9) -
O=Vw
SwdQ (2.3)
The members of the family of elements that we are going to discuss here are con-
structed like the MITC4 and MITC8 elements of references [26] and [2]. In particular we
have to choose
(i) a finite element space Oh for the approximation of the rotations,
(ii) a finite element space Wh for the approximation of the transverse displacement,
(iii) a finite element space Ph for the approximation of the shear strains and, finally,
(iv) a "reduction operator" Rh which interpolates piecewise smooth functions into Ph.
Accordingly, the discrete version of Equation (2.2) becomes
At-2
+_2 I Rh(_h - _wh) |2 dQ - p Wh dQ (2.4)
and the corresponding limit problem ( t = 0) is
min
Rh(2h-_Wh)=Q
-a(Q , ) - p Wh (2.5)
The aim is now to find choices for -Q, Wh, Ph and Rh such that Equation (2.5) has
a unique solution which converges, as the mesh parameter h -+ 0, to the solution of
min 
- a(Oh O)
2h,Wh 12(1
I.
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Equation (2.3) with optimal error bounds.
The construction of the appropriate choices starts by recognizing that for every pair
o, w with
0 = Vw, (2.6)
of smooth functions, we want to find a corresponding pair -0, E ah and w, E Wh with
Rh (21'- W'I) = 0 (2.7)
which approximates (2, w) with optimal error bounds. It is clear that, if this can be
done (and if Rh is a good approximation of the identity, as you expect from a decent
interpolation operator) then the minimum of a quadratic functional (as is }a(2, ) -
J p w dQ) over the set of pairs satisfying Equation (2.7) will be a good approximation
to the minimum of the same functional over the set of pairs satisfying Equation (2.6).
The first step of the element formulation is therefore to find 0I and w'. Our crucial
assumption for the function Wh E Wh is that
Rh(Ywh) = VWh VWh E Wh (2.8)
so that Equation (2.7) becomes
RhO = -VwI (2.9)
Now, by setting for a general vector valued function q,
_8O4 2 _841
rot$ - a -2 a-2  (2.10)
we recognize that a necessary condition for Equation (2.9) to hold is that
rot(Rh2') = 0 (2.11)
iEEE
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Since the rot operator is formally very close to the divergence operator, we are facing a
situation very similar to the one that is encountered in the solution of the Stokes problem
of incompressible fluids. There (for the Stokes problem) we have a smooth function u
with div u = 0, and want to find a finite element approximation Uh which satisfies div
Uh = 0. Such finite element approximation must be judiciously constructed, and much
attention has been focused on this task. Consequently, we can find in the literature (see
e.g. Reference [36]) many pairs (Lh, Ph) of velocity-pressure approximations such that
the discretization of the Stokes problem
find uh E Lh and Ph E Ph such that
Y A : VhdQ - Phdiv vhdQ=j f -2hd VhE Lh (2.12)
=qdiv IadQ  0, VqhE Ph I
is well-posed, stable and has optimal convergence properties to the continuous solution.
A sufficient condition for that is the inf-sup condition:
qh div EhdQ
1 # > 0 such that inf sup ;> p. (2.13)
9hEPh vhE2 I1 qh JIL2II 2 h I1H-
With this example in mind, we try something similar. For a given 0 = Vw smooth,
we look for 0I as the discrete solution of
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find (i, q')in (ah, Qh) such that
V,: V 71dA - gl rot Yhdil = : V gd, Va E ah(214
=- =:U 10Io - a (2.14)
qh rot IdQ = 0, Vqh E Qh
In Equation (2.14), Oh is the finite element space that we are going to choose for the
approximation of rotations while Qh is an auxiliary "pressure space" that will never enter
the Reissner-Mindlin plate element formulation (it is not present in Equation (2.4)).
Hence our first step is the choice of a pair of finite element spaces Oh, Qh such that:
qrot rhdG
3 # > 0 such that inf sup o ~ ;> p. (2.15)
hEQhe I 11 qh IIL2 11 7Lh IIH1
In perfect analogy with what is done for the Stokes problem, Equation (2.12), it is now
easy to see that if Equation (2.15) holds true, the problem given by Equation (2.14) has a
unique solution 01, q' and that 0' -- 0, q' -- 0 (with optimal order) as h -+ 0. We discard
q' (we have no use for it) and keep the precious 9'. On our way to Equation (2.9) we
have reached an intermediate step: we constructed a 0I in Oh, close to 0 and satisfying
Sqhrot Vfdf = 0 for all qh E Qh. (2.16)
We have now to choose the reduction operator Rh together with its "arrival space"
Eh. We want Rh (and Ph) to be such that Equation (2.16) implies Equation (2.11). This
will surely be true if the following diagram
ml ~-
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2rot 2
(H)2 ) L2
Ph ro )Qh
commutes. In Equation (2.17) 7rh is the orthogonal projection (in L 2 (Q)) into Qh. Note
that Equation (2.17) implies in particular that, for every 7 h in Ph we have rot 1h E Qh.
Note also that Equation (2.16) can be written as
7rh(rot 9') = 0. (2.18)
If the diagram given in Equation (2.17) commutes, then we have
rot(Rh9') = rh(rot 9') (2.19)
and equations (2.18) and (2.19) imply the desired Equation (2.11). Hence our second
step is to choose Rh and Ph in such a way that the diagram given in Equation (2.17)
commutes. On the other hand this diagram (or rather its analogue with "div" instead
of "rot") is the crucial step in the approximation of linear elliptic problems with mixed
methods and we can easily find in the literature (see e.g. Reference [36] ) many choices
of triplets (Eh, Qh, Rh) which are convenient. Note the special role of the auxiliary space
Qh : it never enters the actual computations but it is the only link between our first
step (choice of 9-h and Qh satisfying Equation (2.15)) and our second step (choice of
h, Qh, Rh satisfying Equation (2.17)).
Now that we have Equation (2.11) satisfied, we can start looking for w'. As we have
seen, if the domain is simply connected, Equation (2.11) implies that RV' is the gradient
of some function: we want this function to belong to Wh. This condition, together with
assumption given by Equation (2.8), completely characterizes Wh. Actually we must have
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VWh = {2h E 1h such that rot 2 h = 0. (2.20)
In other words, Equation (2.20) tells us that we have no more freedom in the choice of
Wh. On the other hand, if Equation (2.20) holds, then Equation (2.11) will imply the
existence of a w' E Wh such that
RhO' = -VI(2.21)
that is Equation (2.9). If moreover (as is always the case in practice) Rh is a good
approximation of the identity, then we have
VW = RhO' - 0'- -0= VW (2.22)
and w' will be a good approximation of w.
Let us finally summarize the three basic steps of our element construction:
1st Step. Choose _O , Qh so that Equation (2.15) holds.
2nd Step. Choose 1h, Rh such that the diagram given in Equation (2.17) commutes.
3rd Step. Choose Wh according to Equation (2.20).
Remark As can be seen, in the construction of 0I we discarded the "pressure
part" qI of the solution of Equation (2.14). Hence what is really only needed is that
Equation (2.14) produces a good "velocity" 0O; specifically, if the discretization produces
spurious checkerboard modes in the variable q, this will not be a difficulty as long as
0, is a good approximation of 0. In a sense, then, Equation (2.15) is too strong, since it
ensures good stability and accuracy both for 01 and qI. Some attractive choices of finite
elements for the Stokes problem (as the widely used bilinear velocities/constant pressure
(Q1 - Po) element) are known to produce good results for velocities and poor results for
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pressures (see Reference [37] for a proof of this observation in some particular cases), and
it follows that the plate bending complements of such elements should not be discarded
a priori (for example, the MITC4 element being the plate bending complement of the
Q1 - Po element provides very good results, see Section 2.3 ).
In the following section we summarize the elements that we find attractive and for
which we present numerical results and convergence studies in Section 2.3.
2.2 The MITC Plate Bending Elements
The MITC element formulations comprise the choice of the spaces Oh, Wh, Lh and the
tying used - as expressed by Rh - between the interpolations in Eh and the transverse
shear strain components as evaluated from Oh and Wh.
We present below the choices for each element considered using the Cartesian coor-
dinates x, y, thus considering uniform rectangular and triangular decompositions. The
same interpolations are used in natural coordinates for the covariant strain components
in general elements [2; 26; 18; 38; 33; 341.
2.2.1 The MITC4 Element
For the 4-node element we use [26; 18]
ah = {L 7 E (Ho([)) 2 , qIK E (Q1) 2 VK} (2.23)
Wh = {(I ( E Hj(Q), (IK E Q1 VK} (2.24)
where Q1 is the set of polynomials of degree ; 1 in each variable and K is the current
element in the discretization. The space Ih is given by
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.h = {I AIK E TR(K) VK,
6 - r continuous at the interelement boundariesl (2.25)
where i is the tangential unit vector to each edge of the element and
TR(K) = {A| 6i = ai + b1y, 62 = a2 + b2 x} (2.26)
The space TR(K) is a sort of "rotated Raviart-Thomas" space of order zero [39]. The
reduction operator Rh is given by
(q - Rhy) ds = 0 for all edges e of K (2.27)
This 4-node plate bending element is the complement of the 4/1 element for in-
compressible analysis [40] and the theoretically predicted error estimates using uniform
meshes are
||2 -Ih||1 c h (2.28)
IIw - whIo < c h (2.29)
In equation (2.28) and similar equations below it, "c" denotes a constant (different in
each equation and dependent on the actual problem considered) that is independent of
h, and || - ||o and || - |1, denote Sobolev norms. Specifically, for a vector valued function
q with OT = [41 42] we have
||0||o = ((41)2 + (#2)2) dQ (2.30)
U.
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||4||1i = [j((41)2 + (0 2 )2 ± (4i,1)2
.1/2
+(01,2+ ( 2 ,1 )2 + (0 2,2)2 ) dQ (2.31)
Note that for this element we do not have yet theoretical convergence results available
for the transverse shear strains. Some results concerning the convergence of the shear
strains have recently been obtained for the following higher-order elements [35].
In general, the predicted rates in l - |o for the shear strains are one order less than
the corresponding rates, given below, for the rotations in the || norm.
2.2.2 The MITC7 Element
For the 7-node triangular element we use [38; 32]
Qh= {Y ! E (HOI(Q)) 2 , qIT E (S7(T)) 2 VT} (2.32)
Wh = {(| C E Hol(Q), (|r E P2 VT} (2.33)
where T is the triangular element in the discretization, P2 is the space of complete
second-order polynomials (corresponding to a 6-node element), and S7 is
S7(T) = {j W E P3 , le E P2 on each edge e of T} (2.34)
where P3 is the space of complete third-order polynomials. The space Ph is given by
Lh = {| 61 E TR1 (T) VT,
S- r continuous at the interelement boundaries} (2.35)
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where
TR 1 (T)={6|61 =
b2=
The space TR1 (T) is a kind of "rotated
reduction operator Rh is given by
1(7 - Rhr7) - _ p1(s)ds =
a+b i x + c1y + y(dx + ey);
a2 + b2 x + c2 y - x(dx + ey)} (2.36)
Raviart-Thomas" space of order one [391. The
0 Ve edge of T, Vp1 (s) E P(e) (2.37)
(2.38)(7 - Rh?)dxdy = 0
where Pi is the space of polynomials of degree < 1.
This 7-node plate bending element is the complement of the Crouzeix-Raviart element
for incompressible analysis [40] and the theoretically predicted error estimates using
uniform meshes are
||W - &Il1
I_w - Vwh|lo
c 2
c 2
(2.39)
(2.40)
2.2.3 The MITC9 Element
For the 9-node element we use [31; 38; 32].
VK} (2.41)
Wh={(( E Hol(9),(KEQ VK} (.2
h = {/| !L E (Hol(Q)) 2, IlK E (Q2)2
(.42)
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where Q2 is the set of polynomials of degree < 2 in each variable corresponding to a nine
node element, and Q2' is the usual serendipity reduction of Q2 corresponding to an eight
node element. Note that Q2' can also be written as Q2 n P3 .
The space Ph is given by
Lh = {I IK E G1(K) VK,
6- r continuous at the interelement boundaries} (2.43)
where
G1(K) = b{i61 = ai + bix + c1y + dixy + ely 2
b2 = a2 + b2 x + c2y+ d2 xy + e2x 2 } (2.44)
The space G1 is some kind of rotated Brezzi-Douglas-Fortin-Marini space [41]. The
reduction operator Rh is given by
(7 - Rhy) - I pi(s)ds = 0 Ve edge of K, Vp1(s) E P1 (e) (2.45)
I(K - Rhy)dxdy = 0 (2.46)
This 9-node plate bending element is the complement of the 9/3 element for in-
compressible analysis [42] and the theoretically predicted error estimates using uniform
meshes are
|I-IU 0I1 < ch 2  (2.47)
||Ew - Ewhl0 < ch 2 (2.48)
2.2.4 The MITC12 Element
The MITC12 element is an extension of the MITC7 element. Here we use
_Qh = {1 ! E (H3(jl))2, 771 E (S12(T))2
Wh = {(I C E H (Q), (IT E P3
VT}
VT}
S12(T) = {(p| p E P4 , <le E P3 on each edge e of T}
(2.49)
(2.50)
(2.51)
where P4 is the space of complete fourth-order polynomials. The space Ph is given by
Ph = {I rIT E TR 2(T) VT,
6 - _r continuous at the interelement boundaries} (2.52)
where
TR 2(T) = {I b1 = ai + b1 x + c1 y + dix 2 + e1 xy
+fiy 2 + y(gx 2 + hxy + iy 2);
b2 = a2 +b 2 x+c 2y+d 2x 2+e 2xy
+f2y 2 _ X(gX 2 + hxy + iy2)} (2.53)
The space TR 2(T) is a kind of "rotated Raviart-Thomas" space of order two [39]. The
reduction operator Rh is given by
(q - Rh) - 7P 2 (s)ds = 0 Ve edge of T, VP 2 (s) E P2(e) (2.54)
where
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(- Rhy) -pdxdy = 0 Vp1 E (P1(T))2
The theoretically predicted error estimates for the MITC12 element are
< ch 3|W - h Il1
||Ym - Ywh go c h 3
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(2.55)
(2.56)
(2.57)
2.2.5 The MITC16 Element
The MITC16 element is an extension of the MITC9 element. Here we use
h= {|1 ' E (Ho1(f)) 2, qIK E (Q3) 2
Wh = {(i ( E HO(Q), (IK E Q3 P4
(2.58)VK}
VK } (2.59)
where Q3 is the space of polynomials of degree < 3 in each variable corresponding to a
16-node element. The space Fh is given by
Lh = {I AIK E G2(K) VK,
6- - continuous at the interelement boundaries} (2.60)
where
G2(K) = {I b1, = ai + bix + cly + dix2 + eixy
+f 1 y2 + gX 2y + hixy 2 + i1 y3;
62= a2 +b 2x+c 2y+d 2x 2 +e2xy
U -
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+f2Y2 + g2x 2y + h2xy 2 + i2x 3 } (2.61)
The space G2 is some kind of rotated Brezzi-Douglas-Fortin-Marini space [41]. The
reduction operator Rh is given by
(7 - Rh??) - p2(s)ds = 0 Ve edge of K, Vp 2 (s) E P2(e) (2.62)
J(K - Rh?) -pidxdy = 0 Vp1 E (P1 (K)) 2  (2.63)
The theoretically predicted error estimates for the MITC16 element are
||1 -WI1 -< cha (2.64)
||Ew -VwhIlo ch 3  (2.65)
2.3 Numerical Results and Convergence Study
We present in this section some example analyses performed with the elements of Section
2.2. However, before we give the results let us note:
- The element matrices are all evaluated using full numerical Gauss integration (hence
no reduced integration is used).
- The elements do not contain any spurious zero energy mode.
- The elements pass the patch test, see Figure 2-1 for an example solution. (Actually
the MITC9 element shows a small difference to the analytical solution, but we can
say that the patch test is practically passed [38]).
Em
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1 (0,0) (10,0)
Figure 2-1: Patch of elements used in patch test, thickness/length = 1/1000. Support
conditions correspond to only eliminating the rigid body modes. For triangular elements,
one quadrilateral element is replaced by two triangular elements.
mm
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2.3.1 Analysis of a Simply-Supported Square Plate
We consider the transverse shear stress predictions in the analysis of a square plate
subjected to uniform pressure. In this problem the transverse shear stresses display a
strong boundary layer [43]. Therefore this is an adequate test problem to assess the
predictive capability of the elements regarding transverse shear stresses for engineering
problems in which these stresses vary rapidly.
Only a quarter of the plate needs to be discretized and we obtained a reference solution
using graded meshes of 16-node displacement based elements (in undistorted form). The
10 x 10 graded mesh is shown in Figure 2-2 and the 20 x 20 was obtained by subdividing
each element of the 10 x 10 mesh into four new elements. The solutions obtained with
these meshes showed negligible differences.
In figures 2-3 and 2-4 we show the predictions, along the edge of the plate from
the corner, obtained with the MITC4 and MITC9 elements and the reference solution.
The stresses are evaluated at the corner of the elements using _h spaces. The MITC
element predictions show a good convergence to the reference solution. We note that at
a sufficient distance from the corner the solution corresponds to the Kirchhoff solution.
We also remark that the grading of the meshes has a very important effect for this type
of analysis.
2.3.2 Convergence in the Analysis of an "Ad-hoc Problem"
We consider the problem of a square Reissner-Mindlin plate of side lengths two units,
see Figure 2-5. The interior loading is p=O and the imposed boundary displacement and
section rotations correspond to:
w = sin kxeky + sin ke-k (2.66)
ox = k cos kxeky (2.67)
OY = k sin kxeky (2.68)
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Figure 2-2: 10 x 10 graded mesh used in analysis of
ness/length = 1/100
simply-supported plate, thick-
Y
LX
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N MITC4
W -REFERENCE SOLUTION
X 8X8 UNIFORM MESH
A 16X16 UNIFORM MESH
X 20X20 GRADED MESH
0. 2. 4 6 8. 10
DISTANCE ALONG EDGE
Figure 2-3: Shear stress predictions near corner of simply-supported plate subjected to
pressure loading using MITC4 elements
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N_ MITC9
S- REFERENCE SOLUTION
- X 4X4 UNIFORM MESH
A 8X8 UNIFORM MESH
X 10X10 GRADED MESH
0. 2. 4. 6 8. 10.
DISTANCE ALONG EDGE
Figure 2-4: Shear stress predictions near corner of simply-supported plate subjected to
pressure loading using MITC9 elements
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(-1,1) (1,1)
*x
(-1,-i) (1,-i)
Figure 2-5: Square plate used in analysis of ad-hoc problem. The dashed line indicates
the subdivision used for the triangular element meshes.
with k = 5. We note that the above equations satisfy the Reissner-Mindlin plate equa-
tions for any value of the thickness t, and hence represent the complete (boundary and
interior) solution. There is no boundary layer [44; 43], and indeed the transverse shear
strains are zero.
Hence this problem is a valuable test problem in that the numerically calculated
convergence rates should be close to the theoretically predicted rates.
The plate problem was solved with uniform meshes, where h denotes the side length
of each element.
Figures 2-6, 2-7 and 2-8 show the error in the finite element solutions in the Sobolev
norms mentioned in Section 2.1, and the convergence of the transverse shear strains, and
Table 2-1 gives the average convergence rates. We note that the slopes of the curves
in Figures 2-6, 2-7 and 2-8 are in essence constant, and hence the convergence for each
element is measured to be quite uniform for each h used.
Tables 2-1 shows that the numerically obtained convergence rates are quite close to
the theoretical rates, and that the convergence of the transverse shear strain components
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A MITC7
+ MITC12
0 MITC4
X MITC9
+ MITC1 6
-1.5 -1.0 -0.5 0.0 -1.5 -1.0 -0.5 0.0
LOG(h) LOG(h)
I
Figure 2-6: Convergence of section rotations in analysis of ad-hoc problem using uniform
meshes. The error measure is E = ||2 - |hII1.
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A MITC7
+ MIT C1 2
> MITC4
X MIT C9
+ MIT C16
-1.5 -1.0 -0.5 0.0 -1.5 -1.0 -0.5 0.0
LOG(h) LOG(h)
Figure 2-7: Convergence of gradient of vertical displacement in analysis of ad-hoc problem
using uniform meshes. The error measure is E = II_w - _ViWh lo.
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Figure 2-8: Convergence of transverse shear strains in analysis of ad-hoc problem using
uniform meshes. The error measure is E = ||7 - 7hIIo.
ELEMENT j. - Oh 1 II ~- hI0 ISW -- WhII0 1w - WhII0 I1~ - lh0IO
Theory Numerical Theory Numerical
MITC4 1.0 1.0 2.0 1.0 1.0 2.1 2.4
MITC9 2.0 1.8 2.7 2.0 2.0 3.0 3.2
MITC7 2.0 1.7 2.7 2.0 1.7 2.9 2.8
MITC12 3.0 2.7 3.7 3.0 2.7 3.8 3.9
MITC16 3.0 2.8 3.7 3.0 3.2 4.2 4.1
Table 2-1:
meshes
Convergence rates obtained in analysis of ad-hoc problem using uniform
C0
V; 7---7-
Y Y
LX LX
Figure 2-9: Two typical distorted meshes used in analysis of ad-hoc problem. The dashed
line indicates the subdivision used for the triangular element meshes.
is surprisingly good.
In the above solutions we used uniform meshes of square elements. In a next study we
deliberately distorted the elements in order to identify the effect of element distortions
on the convergence rates. Figures 2-9 shows the 4 x 4 and 8 x 8 element meshes used.
The additional mesh refinements were obtained by similar geometric subdivisions.
Figures 2-10, 2-11 and 2-12 shows the calculated errors in the solutions with the
distorted meshes and Table 2-2 summarizes the mean convergence rates. In figures 2-10,
2-11 and 2-12 the element "size" h is the corresponding element "size" of the uniform
mesh with the same number of elements.
A comparison of the data given in tables 2-1 and 2-2 shows that the use of distorted
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A MI T C7
+ MITC12
< MITC4
X MITC9
+ MITC1 6
-1.5 -1.0 -0.5 0.0 -1.5 -1.0 -0.5 0.0
LOG(h) LOG(h)
Figure 2-10: Convergence of section rotations in analysis of ad-hoc problem using dis-
torted meshes. The error measure is E = I| - 2hI1.
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A MIT C7
+ MIT C1 2
-1.5 -1.0
LOG(h)
< MITC4
X MITC9
+ MITC16
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Figure 2-11: Convergence of gradient of vertical displacement in analysis of ad-hoc prob-
lem using distorted meshes. The error measure is E = ||Vw - Whl|o.
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Figure 2-12: Convergence of transverse shear strains in analysis of ad-hoc problem using
distorted meshes. The error measure is E = ||- - 2hI|o.
II~
--I
ELEMENT 1~-hI1 -  10 1MW -M h 10 -w-WhI -2 h 10
Theory Numerical Theory Numerical
MITC4 1.0 1.0 1.9 1.0 0.8 1.7 2.3
MITC9 2.0 1.6 2.4 2.0 1.7 2.6 2.8
MITC7 2.0 1.3 2.0 2.0 1.4 2.4 2.6
MITC12 3.0 2.1 2.8 3.0 2.1 2.9 3.0
MITC16 3.0 2.4 3.2 3.0 2.4 3.2 3.1
Table 2-2: Convergence
distorted meshes
rates obtained in analysis of ad-hoc problem using non-uniform
zL
'C1
I.-
a -
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meshes results generally into a decrease of the convergence rates, but this decrease is not
drastic when considering that rather highly distorted meshes were used, and when taking
into account that each mesh contained rather large and small elements.
2.3.3 Convergence in the Analysis of a Circular Plate
In this solution we consider a circular plate of thickness t and diameter D. The plate is
loaded by a uniform pressure and is simply-supported or clamped along its edge.
Figure 2-13 gives the data of the problem considered and shows the finite element
meshes used. Note that the elements are geometrically distorted in a natural way in
order to model the plate.
Of particular interest in this analysis is the prediction of the transverse shear stresses.
The analytical solution is rather simple (see Figure 2-14) and there is no boundary layer.
Figures 2-14, 2-15 and 2-16 show the calculated stresses as obtained for the simply-
supported plate using the MITC16 element and the usual 16-node displacement based
element. In this figure we show the stresses calculated at those nodal points along line
PO where two elements meet. The stresses for an element at a nodal point have been
calculated using for that element
Ir= CB u (2.69)
where i- is the vector of the stresses, f is the stress-strain matrix, B is the strain-
displacement matrix of the element at the nodal point considered and u is the nodal
point displacement vector.
Hence there is no stress smoothing and at each nodal points where elements meet two
values for each shear stress component are obtained. We note that the solution is quite
accurate using the MITC16 element with only three elements. On the other hand, the
displacement based element does not give an accurate transverse shear stress prediction
urn
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Figure 2-13: Finite element meshes used in analysis of circular plate. The dashed line in
mesh 1 indicates the subdivision used to obtain the triangular element meshes. Young's
modulus E = 2.1 x 106, Poisson's ratio v = 0.3, pressure p = 0.03072, diameter D = 20.0
mm
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unless a very fine mesh is employed.
In order to identify the effect of a further geometric distortion of a mesh, we also
solved the problem with the mesh of Figure 2-17. The results for the transverse shear
stress yz for the clamped plate are shown in Figure 2-18. We note that when using the
MITC elements, the artificial geometric distortion does not greatly affect the accuracy
in the predicted stresses.
For the calculation of the bending stress we can use Mesh 2 of Figure 2-13 that already
gives very accurate predictions using the MITC9 and MITC16 elements. The results for
the clamped plate are shown in Figure 2-19 for the stresses calculated at all nodal points
of each element using Equation (2.69).
Finally we calculated the convergence rates in the solution of the problems when using
the various MITC elements. Tables 2-3 and 2-4 summarize the results. We note that
in general good convergence is obtained, but the quadrilateral elements perform better
than the triangular elements. This is of course not unusual. We may also mention that
the slopes of the error curves as h is decreasing from Mesh 1 to Mesh 4 were in most
cases quite constant but in a few cases they varied considerably from the average values
given in tables 2-3 and 2-4. The tables show a good correlation between the theoretical
convergence rates and the numerically calculated rates for the quadrilateral elements, and
they show an overall robustness of the MITC4 element in that the rates of convergence
of the shear strains are in all cases quite close to 1.
I -
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Figure 2-14: Transverse shear stress predictions for simply supported circular plate,
t/D = 1/100. Mesh 1 with three quadrilateral elements. For the 16-node displacement-
based element the results shown with a star (*) are actually outside the figure.
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Figure 2-15: Transverse shear stress predictions for simply supported circular plate,
t/D = 1/100. Mesh 2 with twelve quadrilateral elements. For the 16-node displacement-
based element the results shown with a star (*) are actually outside the figure.
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Figure 2-16: Transverse shear stress predictions for simply supported circular plate,
t/D = 1/100. Mesh 3 with forty-eight quadrilateral elements.
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Figure 2-17: Artificially distorted mesh (of Mesh 3) used in analysis of circular plate.
U
x
Lx
2.3 Numerical Results and Convergence Study 61
MESH 3
- ANALYTICAL VALUE
O MITC4
X MITC9
o- ± MITC16
N
w
cc
00
00
0. 2. 4. 6 8 10
DISTANCE ALONG RADIAL LINE PO
MESH 3 DISTORTED
- ANALYTICAL VALUE
O MITC4
X MITC9
- + MITC16
N
O
a,
cc Q0
0. 2. 4. 6 8. 10.
DISTANCE ALONG RADIAL LINE PO
Figure 2-18: Transverse shear stress predictions for clamped circular plate, t/D 1/100.
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Figure 2-19: Radial bending stress predictions for clamped circular plate, t/D = 1/100.
The stresses calculated at all nodal points along line PO are shown.
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ELEMENT ||k - h11 II!-2hiIO IIW -VwhI 1 w-whilO 112-Lh l0 2-2hI10
Theory Numerical Theory Numerical t/D=1/1000 t/D=1/100
MITC4 1.0 1.4 1.9 1.0 1.0 1.9 0.95 0.96
MITC9 2.0 2.0 2.9 2.0 2.0 3.1 0.7 1.8
MITC7 2.0 1.4 2.0 2.0 1.1 2.1 0.3 1.1
MITC12 3.0 2.1 2.9 3.0 2.1 3.2 1.5 1.6
MITC16 3.0 2.8 3.7 3.0 3.3 4.5 1.2 2.0
Table 2-3: Convergence rates obtained in analysis of simply supported circular plate,
t/D = 1000
Cb
Cb
ELEMENT |-1h 1 1[k - hIO lVW- Vwhjo 1w - WhIlo 1I7 - h 012 - 21110
Theory Numerical Theory Numerical t/D=1/1000 t/D=1/100
MITC4 1.0 1.2 1.9 1.0 0.8 1.9 0.94 0.95
MITC9 2.0 2.2 3.1 2.0 2.0 3.0 1.4 1.6
MITC7 2.0 1.9 2.7 2.0 1.4 2.5 0.5 1.2
MITC12 3.0 2.2 3.1 3.0 2.1 3.1 1.1 1.4
MITC16 3.0 2.9 3.8 3.0 3.4 4.5 1.6 1.9
Table 2-4: Convergence rates obtained in analysis of clamped circular plate, t/D = 1000
Chapter 3
Locking Study for the
Isoparametric Beam Elements
Membrane locking is an additional phenomenon, besides shear locking, that should not
arise in shell elements. In this section, rather than facing directly the issue of membrane
locking in shell elements, we plan to study this phenomenon in the context of an isobeam
element, which is the one dimensional analogue of displacement based degenerated shell
elements.
The purpose of going through this step is to gain a deeper understanding of and insight
into the essence of the locking behavior without getting involved into the complexity of
the problem directly in the context of shell elements.
3.1 The 3-node Isobeam Element
The particular problem that we select to study is described in Figure 3-1. We consider
a circular arch subjected to self equilibrating bending moments at its ends. The finite
element model is shown in Figure 3-2. The circular arch is discretized with only one
3-node isobeam element having its midnode clamped. Due to symmetry conditions only
three degrees of freedom, u, v and 0, are required to solve the problem.
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Figure 3-1: Physical model for beam study
totally fixed
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Figure 3-2: Finite element model for 3-node isobeam study
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In Table 3-1 we show results obtained for the case where I = 50, h = 20 and a = 1. We
see that when 3-point integration in the r direction is used, the element shows a severe
locking behavior, whereas for 2-point integration, we obtain an accurate prediction of
the rotation 9 and reasonable predictions of u and v, considering that just one element
is used. The natural question that we want to explore in some detail is "why does the
element work using 2-point integration and why does it not work using 3-point integration
Table 3-1:
1/100.
Comparison between 2 and 3 integration points for 3-node isobeam, a/21 =
We analytically derived how the strains vary along the beam as a function of u, v, 0
and the geometric parameters of the arch. We use the finite element assumptions both for
the interpolation of the geometry and for the interpolation of the displacement variables.
The functional dependency of the covariant strain component e,, is given by
err = em(u, v, r 2, geometry) +
a t eb(u, v, 0, r2, geometry) +
(3.1)
analytica sol. 2-point int. 3-point int.
r-direction r-direction
u 0.886 0.0003
v 0.926 0.0007
0 1.014 0.0008
a2 2 eq(0, r 2, geometry)
where r and t are the natural coordinates along the beam and the thickness. The variable
"geometry" in Equation (3.1) indicates dependency on the geometrical parameters of the
arch (thickness excluded). As the thickness a decreases the term proportional to a2 2
becomes increasingly less important and is neglected hereafter. Considering a << R the
strain energy of the beam can be written as
W = aWmembrane + aWshear + a3 Wbending (3.2)
where aWmembrane is defined as the membrane energy and Wmembrane is the part of
the membrane energy that does not depend on a. Analogous definitions are used for the
shear and bending energies. Specifically,
Wmembrane = Cm e dr (3.3)
-1
Wbending - C e 2dr (3.4)
and Wshear depends on the component et and will be dealt with later when we ad-
dress the issue of shear locking. In equations (3.3) and (3.4), Cm and Cb are constants
depending on the geometric parameters of the arch but not on its thickness.
The solution of our finite element problem is given by the minimization of the following
functional
H = W - P (3.5)
where W is the strain energy and P is the total potential of the applied loads both defined
for the discrete problem.
Let us consider a sequence of problems, each problem associated with a particular
thickness a, and with loading depending on the thickness. In our sequence of problems
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the concentrated moment associated with thickness a, denoted by Ma, is defined as
M, = asM (3.6)
where M is fixed. Then the total potential for a problem in our sequence reads
Ha = aWmembrane + aWshear + a3 Wbending - a3 2M9. (3.7)
We can also define a scaled potential, H', associated with each thickness a in the sequence
given as
TIP= -" Ha(3.8)
"a a3
It is easy to see that to find the minimizer of H or Us yields equivalent problems.
Therefore our sequence of problems Pa can be written as
Pa: min Wmembrae + Wshear +Wbending - 2M0}. (3.9)
It is possible to show that as a -> 0, Wmembrane ~ 0 and Wshear -> 0. It is
not difficult to see that the terms corresponding to the membrane and shear energy in
Equation (3.9) would tend to infinity otherwise. Therefore Equation (3.3) implies that
as Wmembrane - 0, em -> 0. Our analytical study shows that
em = 4avr2  1u. (3.10)
Ah
We show schematically in Figure 3-3 the parabolic variation of em with the element
coordinate r.
Now it is very easy to see that if 3-point integration is used the only way to enforce
Wmembrane -+ 0 is to have u -+ 0 and v -+ 0. Therefore, as the thickness of the beam
decreases, u and v become smaller and smaller due to the particular functional variation
of em. However, if we use 2-point integration we can always find u and v such that
693.1 T he 3-node Isobeam Element
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em(r) = 0. In fact, we can set (, defined in Figure 3-3, to be equal to the Gauss point
coordinate. Let
( 1 (3.11)4h v y!3
then
U 4h (3.12)V 31
Therefore, as the thickness a of the beam decreases, Equation (3.12) is gradually enforced.
Although in this case we are free from locking in the sense that the displacements do
not tend to zero as the thickness decreases, as occurs in the 3-point integration scheme,
Equation (3.12) works as a constraint on the degrees of freedom u and v that is totally
enforced in the limit.
In order to numerically check the results just obtained, we analyzed the problem
shown in Figure 3-2 with 1 = 50, h = 20 for various thicknesses and looked at how the
ratio u/v obtained from the finite element solution compares with the constraint given
by Equation (3.12). The results are shown in Table 3-2.
It is interesting to see in Table 3-2 that the constraint is indeed enforced and for
h/21 = 1/100, which is not a value unusual in practice, it is already close to the limit.
The idea of reducing the order of integration can be viewed in this case as an appli-
cation of mixed interpolation of tensorial components that we have studied for the plate
elements. Here we plan to introduce it in the particular context of the beam elements.
An assumed covariant strain field for the component Err can be defined by
flrr
eAS(rt) = hk(r)ED1 (r1k, t) (3.13)
k=1
Where DI is the direct interpolated strain since it is obtained from the nodal displace-
I-
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Figure 3-3: Variation of em along r
Table 3-2: Comparison between the ratio u/v predicted for the limit case and finite
element solutions for various thicknesses
u/v
a
finite element analytical
1/100 0.533282 0.533333
1/1000 0.533332 0.533333
1/10000 0.533333 0.533333
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ments by applying the finite element interpolations. Also a set of points k = 1,... ,n,..
along the element coordinate r, called tying points is defined. As can be read from Equa-
tion (3.13) the strain e$D is evaluated at each of the tying points and then interpolated
by the functions hk(r) to obtain the assumed strain field es. We study here the choice
of two tying points symmetrically placed in the coordinate line r as shown in Figure 3-4.
Figure 3-4: Isobeam with two tying points
Therefore,
eAS = hieDI(r|1,t) + h2eDI (r|2, t) (3.14)
with
h2 = -(y + r)2p - 1.0 p :5 +1.0
and it follows
exs = hieDI(rI 1) + h2e 2(r (3.16)
Using the same type of energy argument as before we can assert that as a -+ 0, u and
v will be such as to make
(3.15)hi = - (p - r)2py
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(=1p (3.17)
or
u (3.18)
what leads to the constraint
u 4h 2
. = p2. (3.19)
Note that the choice of p = 1/v5 leads to the same constraint as obtained for 2-point
integration. The question that arises here is "what is the best choice of P in order to
minimize the deleterious effect of the constraint ?". One approach to select the "ideal"
tying point is to choose p such that the ratio 1 given by the constraint is the ratio
(U)analytical that we obtain when solving analytically the mathematical model of the
problem for u and v. Therefore using Equation (3.19) we obtain,
4h u analytical
P= -T() . (3.20)
We have used this approach and found, as expected, that p, as given by Equa-
tion (3.20), depends on the geometrical parameters of the arch. Therefore, for each
element with different geometrical properties, we would find a different point tying. We
denote by p", for variable point tying, the p given by Equation (3.20). If we want to
find a point tying that is independent of the geometry of the element, we can take into
account that, as the finite element model is refined, each element tends to a shallow
situation. Therefore, we could use for (2)analytical, the value obtained using a shallow
arch mathematical model,
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analytical U shallow 4h (3.21)
V V 3
what would lead to the tying point given by
1
plf = - (3.22)
where pf stands for fixed point tying. It is interesting to note that the value obtained
for pf is exactly the value corresponding to 2-point integration.
The same type of study that we presented for membrane locking was also performed
for shear locking. Although we do not plan to show in the same detail the shear locking
study, we do want to go through the basic steps.
For the shear locking problem the relevant strain component is e,t. Proceeding in
analogous fashion, we could find analytically the covariant component e,.t which has the
following functional dependency
e,. = a e,(u, v1,, r, r3 , geometry). (3.23)
In the above expressions, the terms that depend on t were not included, since they are
not important for thin beams. The quantity Wshear has the following form
Wshear C., esdr. (3.24)
Using an energy argument it can be shown that as a -> 0, Wshear -+ 0. Analogously,
we assumed that
eAS = hieDI 1r,t) + h2 eDI (r 2, t) (3.25)
with
hi -(L - r) h2 = (L + r) - 1.0 < 5 +1.0 (3.26)2 L 2,o
743.1 The 3-node Isobeam Element
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and it follows
eAS = hieDI(r l) + heDI 12 . (3.27)
As we impose that es = 0, we are lead to a constraint equation of the type
f(u, , v, o, geometry) = 0 (3.28)
Although in this case the algebraic expressions are much more complicated (the alge-
braic manipulations were performed using the program MACSYMA [451) than those of
the membrane locking case, we were able to derive a variable point tying denoted by ev
and a fixed point tying of for the shear strain component e,.. It is worth noting that we
obtained for the fixed point tying
L -- (3.29)3
which has a different value from that of the component E,.
We have implemented the isobeam element allowing for independent choice of tying
points for the membrane and shear components. Therefore we could perform numerical
experiments to assess the validity of our conclusions. The problem studied is described
in Figure 3-2 with 1 = 50, h = 20 and a = 0.1. We summarize in Table 3-3 the tying
schemes that are used in the numerical examples.
In Table 3-4 we compare the results obtained when the variable tying scheme (P' for
the membrane tying and ov for the shear tying) and the scheme with 2-point integration
(current point tying) are employed. The overall improvement of the results confirms our
predictions.
Next, we want to compare the fixed point tying scheme that was derived using shal-
low arch assumptions and the current tying scheme. We recall that the only differ-
ence between these two schemes is the tying used for the shear component for which
Of = v/3 # 1/V3. Although we do not expect a large difference between these two
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Table 3-3: Summary of tying schemes
Tying Membrane tying Shear tying
Scheme point point
'Name p 6
Current 1/r 1/
Fixed 1 V/3
function function
Variable of of
geometry geometry
Artificial 1.0 N/3
Table 3-4: Predictions for nodal variables using the variable point tying scheme and the
current one.
ERROR (%)
u v 0
Variable
Point 1.35 1.29 1.31
Tying
Current
Point 11.42 7.51 1.26
Tying
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schemes, we would like to see a better convergence for the fixed point tying scheme since
the individual elements go from a deep arch situation to a shallow one as the mesh is
refined. The results obtained are shown in Table 3-5 and we notice that the convergence
is very fast in both cases but the fixed tying scheme displays the expected behavior.
Table 3-5: Convergence of nodal variables using the fixed point tying scheme and the
current one
MESH
# of elements
along complete
arch
ERROR (%)
U V 0
current
tying
fixed
tying
current
tying
fixed
tying
current
tying
fixed
tying
1 11.42 3.36 7.51 7.93 1.26 1.06
2 0.91 0.17 0.37 0.12 0.13 0.12
3 0.10 0.03 0.04 0.02 0.01 0.01
8 0.047 0.043 0.017 0.016 0.0006 0.0006
16 0.044 0.044 0.015 0.015 0.00004 0.00004
As a last example, we chose arbitrarily a tying point, pf = 1.0, for the membrane
component and kept of = /5/3 for the shear. The results are presented in Table 3-6
where the above tying scheme is referred as artificial. We note that, although convergence
I-
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still occurs, the predictions for coarse meshes become very inaccurate.
Table 3-6: Convergence of nodal variables using the fixed point tying scheme and the
artificial point tying scheme
MESH
# of elements
along complete
arch
ERROR (%)
U V 0
current
tying
artificial
tying
current
tying
artificial
tying
current
tying
artificial
tying
1 19.23 3.36 71.88 7.93 59.84 1.06
2 0.84 0.17 34.17 0.12 27.80 0.12
3 1.56 0.03 11.10 0.02 8.80 0.01
8 0.490 0.043 2.980 0.016 2.3500 0.0006
16 0.090 0.044 0.740 0.015 0.59000 0.00004
3.2 The 4-node Isobeam Element
We performed for the 4-node isobeam element a similar study as for the 3-node isobeam.
The problem analyzed is described in Figure 3-5 and in this case we need 6 d.o.f. to
characterize our problem. We analytically obtained the following equations:
I-
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em = em(ub, Vb, um, vm, r2, r4, geometry) (3.30)
e, = e,(ubv b, um, Vm, Ob O2, r, r3, r5, geometry) (3.31)
Om * m
m 
h
Ob m m
Vb Vb
Figure 3-5: Finite element model for 4-node isobeam study
As argued before, as a -* 0, em -+ 0 and e, --+ 0 which leads to constraints for the
d.o.f. Ub, Vb, Um, Vm, Ob and Om. We checked that for both 3 and 4-point integration in
the r direction there are nontrivial Ub, ob, um, mi, 9 b and Om, such that the constraints are
satisfied, as expected, due to the particular functional dependency of em and e, on the
variable r. Although obvious at this point, we remark that less constraints arise when
3-point integration is used.
In this study we also searched for tying points that would lead to constraint equations
according to the shallow arch solutions for the nodal degrees of freedom. We obtained
that the choice of two tying points, at r = V3-/9 and r = -V3/9, for both membrane
and shear leads to the desired result. However, just two tying points for a 4-node beam
element yield spurious zero energy modes rendering the element not adequate for practical
applications.
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In summary for the 4-node isobeam study, we conclude that locking, in the sense
that the displacements variables go to zero as the thickness decreases, does not occur.
Also a 3-point integration scheme leads to less constraints than a 4-point scheme as the
thickness tends to zero.
We recall that the purpose of the study was to get insight in the locking behavior,
therefore we chose a particular problem i.e., a specific geometry (circular arch) and a
particular loading (pure bending moment). Although we consider this case important,
care should be exercised when generalizing our conclusions.
Chapter 4
Mixed-Interpolated General Shell
Elements
Although some of the issues that we discuss in this introduction have already been ad-
dressed to some extend in Chapter 1, we feel that to convey the motivations and ideas
behind the developments presented in this chapter we need to reinforce them.
Our approach towards the development of finite elements for the analysis of plate and
shell structures has been guided by the following requirements:
1. The elements should be reliable.
2. The elements should be computationally effective.
3. The element formulation should be general i.e., the elements should be applicable
to:
- nonlinear analysis (geometric and material nonlinear solutions)
- thick and thin plate/shell situations
- any shell geometry.
4. The formulation of the element should be mechanistically clear and sufficiently
simple to render the elements suitable for engineering analysis.
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The continuum based degenerated shell elements originally proposed by Ahmad, Irons
and Zienkiewicz [7] and extended for nonlinear analysis by Ramm [8] and Bathe and
Bolourchi [9] satisfy requirements 3 and 4, but the lower-order elements do not satisfy
requirements 1 and 2, and the higher-order 16-node element does not satisfy requirement
2 due to the effects of membrane and shear locking.
Ideally, considering requirements 1 and 2, the element formulation would lead to finite
element discretizations that could be shown mathematically to be convergent, stable and
to have optimal error bounds. In plate analysis much progress has been made in this
regard, see specifically, the MITC family of Reissner-Mindlin plate bending elements that
we have discussed in Chapter 2.
In general shell analysis, as stated in requirement 3, the situation is quite different.
A mathematical analysis of the type just mentioned is not available. However, a very
valuable contribution in this direction, although restricted in its applicability, has been
published by Pitkiiranta [461. We refer again to his work later in this introduction.
Since a complete mathematical theory is lacking, the following conditions should be
strictly enforced to satisfy requirement 1:
* The elements should not have any spurious zero energy mode.
* The elements should not membrane or shear lock, when used in, of course, undis-
torted and reasonably distorted meshes.
e The predictive capability of the elements should be high and relatively insensitive
to geometric distortions.
Of course, insight into element behavior and the use of numerical experiments will
be important in the design of elements to satisfy the above conditions. It is our view
that an element which fails any one of these conditions should not be used in engineering
practice.
The MITC approach has been used successfully to propose shell elements that satisfy
the above conditions and requirement 2. Also, the formulation of the MITC elements
preserves the essential and appealing characteristics of the continuum based degenerated
shell elements, therefore satisfying requirements 3 and 4.
The approach of mixed interpolation of tensorial components for shell elements finds
its roots in the work of Dvorkin and Bathe [18], where the MITC4 element was developed
and assumed covariant strain component fields were first introduced.
Subsequently Bathe and Dvorkin [2] developed an eight node element in which not
only the transverse shear strains were mixed interpolated to avoid shear locking but also
the in-layer strains, to avoid membrane locking. In this work, the strain tensor was
decomposed in a transverse shear strain part and an in-layer strain part and the two
resulting tensors were interpolated in different ways.
Nine node shell elements were developed by Huang and Hinton [19], Park and Stanley
[20], Jang and Pinsky [21] and Cho. Huang and Hinton used a local cartesian system
to separate bending and membrane strains and mixed interpolated just the membrane
part. The transverse shear strains were evaluated and mixed interpolated in the natural
coordinate system. Park and Stanley used assumed physical strain component fields that
were derived from special assumptions on the strains along selected coordinate lines. A
second version of their element was presented in Reference [47]. Jang and Pinsky assumed
the covariant strain components in natural coordinates for both the in-layer strains and
transverse shear strains. Cho used for the in-layer strains the assumptions of the MITC8
element and for the shear strains the field and tying scheme of the MITC9 plate bending
element [31] in which the integral tying condition is replaced by point tying conditions.
This requires that the internal node only has rotational degrees of freedom.
Recently, as mentioned above, Pitkiiranta [46] mathematically analyzed the membrane
locking problem of a clamped hemicylindrical shell subjected to varying distributed pres-
sure. He was able to conclude that the displacement based elements would require order
greater or equal to 4 in the local polynomial expansion for the displacement variables
to be free of locking for rectangular grids, whereas for quadrilateral grids the elements
would not be in general free of locking for any order of polynomial expansions.
83Mixed-Interpolated General Shell Elements
Mixed-Interpolated General Shell Elements 84
Pitkiranta, motivated by the high predictive capability of the MITC8 element of
Bathe and Dvorkin, analyzed mathematically a family of mixed interpolated schemes
very close to the scheme of Bathe and Dvorkin. Although his analysis is only valid for
rectangular grids and is based on additional restrictive assumptions, he was able to prove
that these schemes avoid membrane and shear locking and converge with an optimal rate.
It is interesting to note that the conclusions of Pitkiranta regarding displacement
based elements suggest that the 16-node isoparametric displacement based shell element
widely used in engineering practice is not entirely free of locking even for rectangular
grids. Our numerical experiences show that in some cases this element presents a very
low convergence rate and when curved and geometrically distorted can display a locking
behavior.
In this chapter we present a 16-node mixed-interpolated element which we call the
MITC16 element. Numerical experiments show that this new element is free of locking
and presents a significant improvement with respect to its displacement based counter-
part.
Our motivations to develop the 16-node element were reinforced by our observations
that higher-order Lagrangian elements predict stresses accurately and efficiently. For
two-dimensional analysis Kato and Bathe [22] found that the 16-node isoparametric
element was more efficient than the lower-order elements for problems with high stress
gradients, and together with the 25-node Lagrangian isoparametric element were the most
efficient in a study of these elements versus p-type elements up to order 10. Moreover,
in shell analysis the higher-order Lagrangian elements have the additional advantage of
describing more accurately the geometry of the shell.
Encouraged by the performance of the MITC16 element, we formulated with the same
approach a 9-node mixed interpolated shell element, that we also present in this chapter.
In the following section we give the formulations of the MITC9 and MITC16 elements.
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4.1 Formulation of the Mixed-Interpolated Shell
Elements
In this section we formulate mixed interpolated shell elements. First, we introduce,
in a general framework, how elements based on assumed covariant strain fields can be
proposed and subsequently we discuss the specific elements that we have developed.
4.1.1 Shell Elements Based on Assumed Covariant Strain Fields
Let us use a total Lagrangian formulation to derive the governing equations of our finite
element shell model. The starting point is the statement of the principle of virtual work
written at time step t + At [10]
v t+At Eij d 0V = t+Atl (4.1)
where t+ o S3 is the contravariant component of the 2nd Piola-Kirchhoff stress tensor,
0t+ j; is the covariant component of the Green-Lagrange strain tensor and t+AtR is
the virtual work of the applied loads. All quantities are defined at time step t + At.
The governing equations of the isoparametric displacement based elements are ob-
tained from Equation (4.1) by using the finite element interpolation assumptions both
for the geometry and for the displacement variables to evaluate the strain + e;, more
precisely denoted by t+At gDI. Here the superscript DI indicates that the strains are
obtained by "direct" interpolation using the finite element displacement assumptions.
The mixed interpolated elements are constructed using i+A s in place of t+At g0I,
where the superscript AS indicates that it is an assumed field.
The next step is to show how the assumed strain fields, i+At As, are constructed
from the direct interpolated strain fields, t + At gP'. We omit temporarily, merely for ease
of notation, the sub- and superscripts relating to time (0, t+At) in the strain expressions.
In order to define the assumed covariant strain fields, Equation (4.1) has to be written
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Figure 4-1: Local coordinates for a shell element
in a particular convected coordinate system. This coordinate system is defined element-
wise by the element isoparametric coordinates r, s and t as shown in Figure 4-1 with the
following convention for indicial notation: r1 - r, r2 a s and r3 t.
Associated with each strain component egg we define a set of points, k = 1,... ,n,
by specifying for each point k its natural coordinates r = rk, s = Sk and t. These points
are called tying points.
Now the assumed covariant strain component 20s is defined as
n,_,
,#s(r, s, t) = Zhi(r, s) gW(rk, sk, t) (4.2)
k=1
where h(r,s) are interpolation functions (polynomials in r and s) associated with the
strain component ij such that
1 : h(ri, s) = 6 I, = 1.. ,ni (4.3)
and denoting
2DI|k -- 4'(rk, Sk,t) and ijs S(rksk, t) (4.4)
it follows
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A s 7I k k 1,..., ni (4.5)
Of course, this selection is the reason why the n 3 points are called tying points.
4.2 The Proposed Elements
The formulation described in the previous section is quite general and, of course, allows
us to propose a number of elements. However, an element is only useful if the conditions
for reliability and effectiveness stated in the introduction are satisfied.
The choice of tying points for the 9-node element is given in Figure 4-2 and the choice
for the 16-node element is presented in Figure 4-3.
We remark that using the tying points of Figure 4-2 it is also possible to propose
an 8-node element. We did implement and test such element, but the element was not
sufficiently effective and reliable. Although it performed quite effectively in some cases,
in a few cases the element presented a very stiff behavior rendering it not useful.
We assumed for the transverse shear strain components that
,t(r,s,t) = ,.(r,s,O) (4.6)
,t(r, s, t) = ,t(r, s, 0). (4.7)
Both proposed elements do not have any spurious zero energy mode and their stiffness
matrices are evaluated with "full" numerical integration i.e., 3 x 3 Gauss integration, in
the rs plane for the MITC9 element, and 4 x 4 for the MITC16 element. As the numerical
results will show, the proposed elements are free of locking and perform quite effectively.
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Figure 4-2: Tying schemes used for the strain components of the MITC9 element. Tying
schemes for the components E., and Et are implied by symmetry. Coordinates of tying
points always coincide with one-dimensional Gauss point coordinates, e.g., (1/3) 1/2
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Figure 4-3: Tying schemes used for the strain components of the MITC16 element. Tying
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0.774...
0.861...
0.861...
I-
4.3 Construction of the Element Stiffness Matrices 90
4.3 Construction of the Element Stiffness Matrices
We present very briefly in this section how the stiffness matrices of these elements can be
constructed. Although the stiffness matrix for linear analysis is obtained directly from
the general nonlinear element formulation, we present here, just for clarity of exposition,
first the construction of the stiffness matrices for linear analysis and then for nonlinear
analysis. We note that the kinematic assumptions are the same as for the isoparametric
displacement based elements [10] and will not be repeated here.
The covariant component Eij of the Green-Lagrange strain tensor can be written as
t.Eii 1 g gI - gg) (4.8)O S3 2 ~( tgjg -0i 0)
where 0g; and t g; are the covariant base vectors associated with coordinate r; at times 0
and t, respectively. If tx and tu are the position and displacement vectors at time t of
any point in our shell model then,
Og, = OX (4.9)
Ori
tg, = =gi + Ou (4.10)
ari or; ori
4.3.1 Linear Analysis
Substituting Equation (4.10) into Equation (4.8) we obtain
1 = tu 0  Otu Ou .u
- -(--. g + -. gi + -- ). (4.11)S 2 Or, Or, Or1 Or,
The quadratic term 2.8 is neglected in linear analysis yielding
1r 8'urt
t EI - ( .OUog + --. 0g;) (4.12)
2 ari Orj
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where in this case the superscript t just indicates the deformed configuration. From
Equation (4.12) we can write
9PI = BJP6 (4.13)
where BPI is the strain-displacement matrix corresponding to the covariant strain com-
ponent ViI and 5O is the nodal point displacement vector. Using Equation (4.2) we
obtain the assumed strain components as
ns,
t AS = Ik4
0 i3  ihjBI kU (4.14)
k=1
where
BPIIk := BPI(rk, sk, t). (4.15)
We can also define Bs, the strain-displacement matrix for the assumed strain, as
BAs hjBPII (4.16)t3 kZ B Ik
k=1
Using Equation (4.14) it is now straight forward to obtain the stiffness matrix of the
element, either by using the constitutive law written in the convected coordinate system
or by transforming the strains and the constitutive law to the global system.
4.3.2 Nonlinear Analysis
Equation (4.1) can be rewritten in the following form
v jOb0i o6ij d 0 V + v 5 bolij d V + v k'i 6 0 eij d 0 V = t+st (4.17)
where
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t+At 5 = '+05' (4.18)
+ ao = Oli3 + OSi; (4.19)
OEij = Oeij + O fij. (4.20)
Here OEi3 and Ogij are the linear and nonlinear parts of the incremental strain O9i 3 . Note
that Equation (4.17) corresponds to a complete linearization of the governing continuum
mechanics equations provided the incremental displacements are expressed in terms of
the nodal point incremental displacements, rotations and rotation-squared [10].
Using equations (4.11) and (4.19) and defining u = t+Atu - tu we obtain
1 Bu BuOu Bu
ogf I = - -. g +-.*gi+ . ). (4.21)2 <ri orOj +ri rj
The above equation can be rewritten as
0-I DI MPI (4.22)0ei S3 t3  + oS.7
where o4W involves only terms that are linear in the nodal variables and of/P contains
all the quadratic terms including those arising from the rotations at the nodal points.
We can write
e, = LP5 (4.23)
where La', implicitly defined in the above equation, is the strain-displacement matrix
associated with the incremental strain component oEij. The above equation leads to
boePI = 66T LI (4.24)
We can also write
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0 = 66 NI Q (4.25)
which defines the square matrix Ne'.
The assumed incremental strains can now be defined as
o s = ZhOLPIlkQ (4.26)
k=1
and
fl' 3
0S3s = 6 QT Z h NPII kU. (4.27)
k=1
Therefore,
LAS = E h LSIIk (4.28)
k=1
and
NS = hyNIIlk. (4.29)
k=1
The stiffness matrices KL and KNL can be derived as for the standard isoparametric
elements by replacing the direct interpolated incremental strains by the assumed incre-
mental strains defined in the above equations.
Chapter 5
Numerical Evaluation of the
Elements
In this chapter we present some numerical results obtained with the proposed shell ele-
ments. The MITC9 and MITC16 have been implemented in an experimental manner in
the general purpose finite element program ADINA [48).
The problems studied have been selected to display the predictive capabilities of the
elements for a range of situations and to show that the elements do satisfy our criteria
for reliability and effectiveness.
5.1 The Patch Test
The patch test has been widely used as a test for element convergence, despite of its
limitations for mixed formulations. We use the test here to assess the sensitivity of our
elements to geometric distortions.
In Figure 2-1 of Chapter 2 we show the mesh used for the patch test. The minimum
number of degrees of freedom are constrained to prevent rigid body motion, and we study
the stresses along arbitrarily selected lines passing through Gauss integration points as
shown schematically in Figure 5-1. In figures 5-2 and 5-3 we show the stresses along
- 94 -
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Figure 5-1: Lines through element Gauss points for stress evaluation
lines Li and L2 obtained with the MITC16 element for the membrane and bending tests
respectively. Although there are slight deviations from the analytical values, the con-
stant stress state is closely represented indicating a low sensitivity to element geometric
distortions. For the MITC9 element very similar results are obtained.
5.2 Analysis of a Curved Cantilever
We consider the curved cantilever problem described in Figure 5-4. In Table 5-1 we show
the results obtained for various meshes using the 16-node displacement based element
and the MITC16 element. The ratio between the finite element and the analytical pre-
dictions for the tip rotation, at point A, are shown for several values of the thickness.
We notice that the predictions are excellent for most discretizations even for extremely
thin situations (h/R = 1/10) and also for the two element case with the side common
to the two elements parallel to the axis of the cylindrical surface. However, when this
side is skewed the results significantly deteriorate for the 16-node displacement based
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element displaying a locking behavior. This type of behavior was theoretically predicted
by Pitkiranta [46].
Table 5-1: Summary of results for the curved cantilever problem using 16-node elements.
Point A always coincides with an element node.
In Table 5-2 we show analogous results for the MITC8 [2] and the MITC9 elements.
Using the MITC8 element, which is a good element in general, the same type of result
deterioration that appeared for the 16-node displacement based element is observed. We
notice that the MITC9 does not display such a behavior.
In the results presented we used v = 0.0 but when using v # 0.0 i.e. , v = 0.3, the
9o /900FE OAN
MESH h/R
16 node MITC16
disp. based
1/100 0.9995 1.0001
1/1000 0.9995 1.0001
A 1/100000 0.9995 1.0001
1/100 0.9996 1.0000
1/1000 0.9996 1.0000
A 1/100000 0.9994 0.9999
1/100 0.9868 0.9975
1/1000 0.9277 0.9796
20' A 1/100000 0.0029 0.9318
1/100 0.9995 1.0001
1/1000 0.9995 1.0001
1/100000 0.9994 1.0001
1/100 0.9993 1.0000
A 1/1000 0.9995 1.0001
1/100000 0.9994 1.0001
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Figure 5-4: Physical model used for curved cantilever
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Table 5-2: Summary of results for
mixed-interpolated elements. Point
the curved cantilever problem using 8 and 9 node
A always coincides with an element node.
0 FE AN
MESH h/R
MITC8 MITC9
1/100 0.9998 0.9995
1/1000 0.9995 0.9995
A 1/100000 0.9995 0.9995
1/100 1.0001 1.0000
1/1000 1.0000 1.0000
A 1/100000 1.0000 1.0000
1/100 0.8958 0.9956
1/1000 0.7230 0.9913
20* A 1/100000 0.0626 0.9883
1/100 0.9996 0.9995
1/1000 0.9995 0.9995
A 1/100000 0.9995 0.9995
A 1/100 0.9999 0.9995
1/1000 0.9997 0.9995
1/100000 0.9997 0.9995
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5.3 Analysis of a Pinched Cylinder
same kind of solution accuracy is displayed.
5.3 Analysis of a Pinched Cylinder
The pinched cylinder problem has been widely used to test shell elements. The physical
problem is presented in Figure 5-5. Due to symmetry conditions only one octant of the
cylinder needs to be considered. In Figure 5-6 we compare the convergence of the vertical
displacement under the load for the 16-node displacement based element and the MITC16
element. Uniform meshes have been used and the results are normalized with respect
to the analytical solution for this problem reported by Lindberg et. al. [491. We note
the poor performance of the 16-node displacement based element with coarse meshes.In
Figure 5-7 we show the performance of the MITC elements of various orders and also the
performance of elements that have been proposed by other authors. In order to make the
comparison more appropriate, we used as the index of mesh refinement the number of
nodes per side of the region discretized. Both the heterosis element [50] and the 9-node
SRI element (selective reduced integrated element with 2 x 2 Gauss integration for the
shear energy) are shown just for completeness purposes since they do not satisfy our
criteria for reliability. The results shown in Figure 5-7 for the heterosis and the 9-node
SRI elements were taken from Reference [21]. We notice the excellent performance of the
higher-order MITC elements.
As a general comment regarding element comparisons we note that when the difference
in predicted response between two elements is small, a conclusive evaluation about the
relative predictive capability of the elements is often difficult to make, since usually
there are not enough results available for an adequate range of situations. Moreover,
when considering mixed-interpolated elements, a particular choice of tying points can be
constructed to yield very accurate solutions for a specific problem as discussed in Chapter
3 for the isobeam elements. Therefore individual results should be interpreted with care.
However, differences in performance as shown in Figure 5-6 for the 16-node elements
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R/h = 100
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support (both ends)
Figure 5-5: Pinched cylinder problem
clearly reveal different behavior due to locking effects and can not be overlooked. This
is the kind of improvement in element performance that we have been aiming for in our
research.
Another consideration regarding element performance is that the comparative effi-
ciency between elements of different orders depends on the type of response sought. For
example, higher-order elements are in general more efficient to predict stresses for prob-
lems in which high stress gradients occur. Therefore it is more adequate to compare
elements of the same order.
The "Sussman-Bathe" pressure band plots [51] were used to compare stress predic-
tions for the 16-node elements. In figures 5-8 through 5-11 we show pressure band plots
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Figure 5-6: Convergence of 16-node shell elements in pinched cylinder problem
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Figure 5-7: Convergence of various shell elements in pinched cylinder problem using
uniform meshes.
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on the top surface of the cylinder for 4x4 and 8x8 meshes. We can see that using the
MITC16 element, the 4x4 mesh already captures most of the stress behavior, whereas for
the 16-node displacement based element the 4x4 mesh is unable to show a distinguishable
band pattern displaying large regions of discontinuity. Using this element the 8x8 mesh
is required to obtain a reasonably accurate prediction of stresses.
5.4 Analysis of a Hemispherical Shell
The hemispherical shell subjected to self-equilibrating concentrated loads has been used
as a benchmark problem for the analysis of doubly curved shells. The hemispherical
shell that we analyzed has an 18-degree cut-out on its top and it is free on both bottom
and top edges. Only one quarter of the shell needs to be considered and a particular
discretization is shown in Figure 5-12.
The convergence for the displacement under the load is shown in Figure 5-13 for
the cubic elements. Again the superior performance of the MITC16 element over its
displacement based counterpart is noted. In Figure 5-14 we show the performance of the
MITC9 element compared with the 9-node element proposed by Huang and Hinton [19].
We notice the excellent performance of the MITC9 element.
A theoretical lower bound for the displacements under the load was derived by Morley
and Morris [52] for the hemispherical shell without the cut-out and it is equal to 0.0924.
We used for the normalization of our results the value 0.09355 which corresponds to the
converged solution when using the MITC16 element.
5.5 Plate Bending Analysis with the MITC Shell
Elements
The MITC9 and MITC16 elements that we have formulated for general shell analysis do
not degenerate to the corresponding MITC plate bending elements of Chapter 2, when
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Figure 5-8: Pressure band plot in analysis of pinched cylinder problem. Uniform 4 x 4
mesh of 16-node displacement based elements
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Figure 5-9: Pressure band plot in analysis of pinched cylinder problem. Uniform 4 x 4
mesh of MITC16 elements
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Figure 5-10: Pressure band plot in analysis of pinched cylinder problem. Uniform 8 x 8
mesh of 16-node displacement based elements
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5.5 Plate bending analysis with the MITC shell elements
Figure 5-12: Typical finite element discretization for analysis of hemispherical shell (8 x 8
mesh). Radius=10.0, thickness=0.04, E = 6.825 x 107, v = 0.3 and P = 1.0
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Figure 5-13: Convergence in analysis of hemispherical shell, cubic elements
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5.5 Plate Bending Analysis with the MITC Shell Elements
the shell is flat, the analysis is linear and the plate is subjected to transverse loading
only.
The first reason is the fact that for the plate bending elements the in-layer strains
(in this case just the bending strains) are not mixed-interpolated.
The other two reasons are:
1. For the plate bending elements different interpolation fields are used for the section
rotations and the section transverse displacement. This requires different sets of
nodal degrees of freedom for the rotations and the transverse displacement.
2. The assumed transverse shear strain fields for the plate bending elements involved
not only point tying conditions but also integral tying conditions.
The construction of shell elements that degenerate to the plate bending elements
would, therefore, involve different sets of nodal degrees of freedom for rotations and
displacements. Such elements, however, are not as easy to use in engineering practice.
Another requirement would be the enforcement of integral tying conditions for the as-
sumed transverse shear strain fields. Integral tying conditions are expensive, in terms of
computational effort, and tend to make an element inefficient.
Our choice, in formulating shell elements, was to use the same set of nodal degrees of
freedom for both rotations and displacements. Also, integral tying conditions were not
used for the transverse shear strain fields.
One additional consideration that supports our choice is that the MITC plate bend-
ing elements are designed to take into account the known nature of the Reissner-Mindlin
plate bending mathematical model. When considering general curved shells the mathe-
matical model is quite different, and it is not likely that the optimal choice of assumed
transverse shear strain fields would be the same as for the plate model.
The idea of replacing the integral tying conditions by additional point tying conditions
such that the integral tying requirements are approximately satisfied was first explored
in the context of plate analysis for the MITC9 plate element by Bathe et. al. [38]. This
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approach, of course, reduces the cost and complexity of the element at the expense of
losing some accuracy [33].
It turned out that, if we use for the transverse shear strain assumptions of the MITC9
shell element the simplified scheme of the MITC9 plate element abovementioned, we
would have to delete the degrees of freedom for displacements at the center node, as in
the plate bending element, otherwise a spurious zero energy mode would arise.
For the MITC16 element, an attempt to formulate point tying schemes that would
replace the integral tying conditions and preserve the functional form of the assumed
transverse shear strain fields was unsuccessful.
In the following we present the solutions of sample problems in which the MITC9 and
the MITC16 shell elements are used to model plate bending situations. Of course, we do
not expect that the mixed-interpolated shell elements would behave as well as the MITC
plate bending elements in these particular analyses, but we do expect and require that
shear locking is not present and that the elements display a good predictive capability.
In the numerical solutions of the circular plate and the skew plate we distinguish
between two "types" of MITC9/MITC16 elements. We refer to the "MITC9/MITC16
plate" elements as the ones that have been formulated for plate analysis and fully comply
with the mathematical theory of the MITC plate bending elements (see Chapter 2) and
we refer to the elements presented in Section 4.2 as the "MITC9/MITC16 shell" elements.
5.5.1 Analysis of a Circular Plate
We consider the transverse shear stress predictions for simply supported and clamped
circular plates subjected to uniform pressure. The transverse shear stresses are often
the most difficult stress components to predict with Reissner-Mindlin plate elements.
The circular plate problems that we consider are very suitable to assess the element
performance regarding transverse shear stresses because the analytical solution is known,
there is no boundary layer and the elements are naturally distorted to model the problem
geometry (see Figure 2-13).
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Figure 5-15: Shear stress predictions for analysis of simply supported circular plate,
diameter/thickness = 100. The results marked with a star (*) are actually outside the
figure.
Actually we considered these problems in Chapter 2 and the finite element models
used are described in Figure 2-13. The stresses are calculated in the same way and at
the same locations as described in details in Section 2.3.
Figure 5-15 shows the calculated stresses as obtained for Mesh 1 of Figure 2-13 using
the MITC16 plate and shell elements and the usual 16-node displacement based element.
We note that the solution is very accurate using the MITC16 plate element with
only three elements. On the other hand, the displacement based element does not give
an accurate transverse shear stress prediction unless a very fine mesh is employed (see
Section 2.3). The MITC16 shell element is not as accurate as the MITC16 plate element,
as expected, but it provides good stress predictions considering that the mesh used is
quite coarse.
10.
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Figure 5-16: Shear stress predictions for analysis of clamped circular plate, diame-
ter/thickness = 100.
Figure 5-16 presents the same type of shear stress results using Mesh 3 of Figure 2-13
and the MITC9 plate and shell elements. A similar behavior as noted for the 16-node
elements is encountered.
5.5.2 Analysis of a Skew Plate
The Morley skew plate problem has also been used as a test problem for plate/shell
elements. The problem is described in Figure 5-17. The simply supported edges are
modeled using the appropriate soft boundary conditions i.e., just the vertical displace-
ment is constrained [43]. The convergence of the vertical displacement at point E is shown
in Figure 5-18 for the cubic elements and in Figure 5-19 for the quadratic elements. A
uniform skew mesh topology has been used (the 2x2 mesh is shown in Figure 5-17). The
A mitc9 shell element
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- analytical value
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Figure 5-17: Morley skew plate problem and typical finite element mesh used
results are normalized with respect to the analytical solution derived by Morley [53]. It
is noted that a rather large number of elements need to be used to obtain an accurate
solution. However, in the analysis uniform meshes were employed, much less elements
could be used with graded meshes.
The same trend as observed in the analysis of the circular plate is displayed for the
skew plate. The MITC plate elements perform best but the shell elements also behave
well. The MITC16 shell element shows a considerable improvement in response prediction
when compared to the displacement based element and the MITC9 shell element shows
better results than the MITC8 element which is a reasonable performer for this case.
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Figure 5-18: Convergence of center displacement for cubic elements in analysis of the
Morley skew plate
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Figure 5-19: Convergence of center displacement for quadratic elements in analysis of
the Morley skew plate
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Figure 5-20: Physical model used for nonlinear analysis of a cantilever
5.6 Large Displacement Analysis of a Cantilever
We consider the large displacement analysis of the cantilever described in Figure 5-
20. Only one 16-node element is used to model the cantilever and in Figure 5-21 the
deformed configurations corresponding to an intermediate and final time steps are shown
for the solution obtained with the MITC16 element. In Figure 5-22 the displacement and
rotation ratios at the tip of the cantilever are compared with the analytical solutions for
the 16-node displacement based element and analogously, in Figure 5-23, for the MITC16
element. We note that the 16-node displacement based element is not able to predict all
the nonlinear response of the cantilever since after time step 18 (a total of 20 equally
spaced time steps were used) convergence could not be reached. The MITC16 is able to
describe all the response and we notice that for the last few time steps it presented a much
smaller deviation from the analytical solution than its displacement based counterpart.
5.7 Snap-Through of a Shallow Spherical Cap
We analyzed a shallow spherical cap subjected to a concentrated loading. The physical
model considered is shown in Figure 5-24. Using a load displacement control method
[54] we obtained the complete nonlinear response of the shell including the snap-through
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Figure 5-21: Deformed and undeformed meshes for half and total loading in nonlinear
analysis of cantilever. The "kinks" in the geometry of the deformed beam is due only to
the plotting program used
5.7 Snap-Through of a Shallow Spherical Cap
D ROTATION RATIO
A U DISPLACEMENT RATIO
* W DISPLACEMENT RATIO
--- ANALYTICAL SOLUTIONS
0.4 0.8 1.2 1.6
TIP MOMENT
2.0
122
Figure 5-22: Nonlinear response of a cantilever subjected to pure bending moment using
one 16-node displacement based element. The displacement ratios are defined as: U
displacement ratio = U/L, W displacement ratio = W/L and rotation ratio = 0/27r
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Figure 5-23: Nonlinear response of a cantilever subjected to pure bending moment using
one MITC16 element. The displacement ratios are defined as: U displacement ratio
= U/L, W displacement ratio = W/L and rotation ratio = 0/27r
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Figure 5-24: Physical model used for analysis of spherical cap. One quarter of the shell
is discretized.
response. Due to symmetry conditions only one quarter of the shell needs to be discretized
and we used meshes of one and four 16-node elements.
Figures 5-25 and 5-26 show the central deflection plotted against the load for the
results obtained with the 16-node displacement based element and with the MITC16
element. The solution reported by Leicester [551 using a semi-analytical approach is
also shown, just as an additional solution, since it has approximations of its own and
should not be regarded as the solution of the mathematical model of the problem in
consideration.
We note that the solutions obtained with the MITC16 element using the one and four
element meshes are quite close to each other in contrast to the solutions obtained with
the 16-node displacement based element (Figure 5-25). We also note that the 16-node
displacement based solution with four elements is close to the solutions obtained with
the MITC16 element. Hence, we can conclude that for the 16-node displacement based
element at least a four element mesh is required whereas with the MITC16 element a
good response prediction is already obtained with using just one element for a quarter of
the structure.
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Figure 5-25: Nonlinear response of a shallow spherical cap subjected to concentrated
load using the 16-node displacement based element
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Figure 5-26: Nonlinear response of a shallow spherical cap subjected to concentrated
load using the MITC16 element
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Chapter 6
Concluding Remarks
In the next section we briefly summarize what has been accomplished in this thesis and
in Section 6.2 we mention two interesting research topics that would complement this
work.
6.1 Conclusions
We presented in this thesis the development of higher-order plate bending and general
nonlinear shell finite elements. The motivations behind these developments, as discussed
earlier in this work, are to formulate reliable and effective plate/shell finite elements that
can be used confidently in engineering practice.
The starting point of our work was the study, development and numerical assess-
ment of a family of Reissner-Mindlin mixed-interpolated plate bending elements. These
elements have a distinctive feature that separates them from the other plate bending
elements that appeared in the literature. They possess a mathematical theory that guar-
antees the convergence of the discretizations with optimal error bounds even in the limit
case when the thickness tends to zero.
Although the mathematical analysis is very important, the numerical assessment of
the behavior of the elements is also of interest. We numerically studied the convergence
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properties of the elements not only for special problems in which most of the requirements
of the mathematical theory are fulfilled, but also for more practical engineering problems.
The theoretical predictions were confirmed and the elements displayed high predictive
capabilities. The behavior of the elements for mesh topologies that included distorted
elements was truly good.
The transverse shear stress predictions were very accurate for all problems considered.
This is an important asset for the plate elements since these stress components are difficult
to predict and their optimality is still not assured by the mathematical analysis.
In summary, the MITC plate bending elements are reliable and effective and their
use is recommended for practical applications.
Membrane and shear locking of curved elements were studied in the context of isopara-
metric beam elements. Using a particular problem, a series of analytical and numerical
studies were performed. In this setting the nature of the locking phenomenon was iden-
tified and insight was gained on how the mixed interpolation of tensorial components
approach prevents locking.
A mathematical theory as the one for the plate bending problem is not available for
the discretizations of general shells. Therefore a set of requirements to ensure reliability
of the element formulations was discussed.
Two new higher-order mixed-interpolated general shell elements for nonlinear anal-
ysis were proposed. An interpolation scheme for the covariant strain components both
for shear and membrane actions was developed and used to formulate the elements. The
newly developed elements do not exhibit either shear or membrane locking and were
tested in a number of important problems displaying a very good performance. The
objective, set in the early stages of this research, of developing a 16-node mixed element
that would replace the usual displacement based element was fully accomplished. The
MITC16 element presents a substantial improvement in performance when compared
with the 16-node displacement based element.
Both the MITC9 and MITC16 elements do satisfy our criteria for reliability and
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together with the MITC4 and MITC8 elements that have been previously developed
form a family of general nonlinear shell elements that can be recommended for use in
engineering practice.
6.2 Suggestions for Future Research
As mentioned before a mathematical analysis as the one discussed for the MITC plate
bending elements is not available for the general mixed interpolated shell elements. The
development of such mathematical theory would be very valuable and could enlighten
how optimal assumed strain fields should be constructed.
Mixed-interpolated triangular general shell elements have not yet been proposed.
Their development would constitute an interesting research area. However, we remark
that the MITC plate bending triangular elements were not as efficient as the quadrilateral
elements. This is not unusual and we might expect that the same would occur in shell
analysis. Nevertheless, it is convenient as a modelling option to have reliable triangular
elements available.
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